Here we have studied the fingering phenomena in fluid flow through fracture porous media with inclination and gravitational effect and investigate the applicability of Adomian decomposition method to the nonlinear partial differential equation arising in this phenomena and prove the convergence of Adomian decomposition scheme, which leads to an abstract result and an analytical approximate solution to the equation. Finally developed a simulation result of saturation of wetting phase with and without considering the inclination effect for some interesting choices of parametric data value and studied the recovery rate of the oil reservoir with dimensionless time.
NOMENCLATURE

INTRODUCTION
Fractured hydrocarbon reservoirs are important oil and gas resources. These reservoirs are composed of two continua: the fracture network and matrix. The fractures typically have a high permeability but a very low volume as compared to the matrix whose permeability may be of several orders having lower magnitude but it contains the majority of recoverable oil. Water flooding is frequently implemented to increase recovery in fractured reservoirs. However, the performance of water flooding depends crucially on the wettability of the reservoir. If the reservoir is oil-wet, water will not readily displace oil in the matrix and only the oil in the fractures will be displaced, resulting in poor recoveries and the early water breakthrough. In water-wet fractured reservoirs, imbibition can lead to significant recoveries. Imbibition is the mechanism of displacement of non-wetting phase by wetting phase. Strong capillary forces led to the imbibition of water as the wetting phase into the matrix and the discharged oil is displaced into the fractures. As the viscosity ratio of heavy oil to water is large, viscous forces in the oil phase become dominant and constitute the major factor for controlling flow distortions in the porous formation results perturbation (fingers) which shoot through the porous medium at relatively great speed. Simultaneous occurring of fingering and imbibition leads to fingering phenomena.
Imbibition can take place by cocurrent and/or counter-current flow Scheidegger (1958) , Parsons et al. (1966) , Iffly et al. (1972) , Hamon et al. (1986) , Bentsen and Manai (1993) , Al-Lawati and Saleh (1996), Pooladi Darvish et al. (2000) . In cocurrent flow, the water and oil flow in the same direction and water pushes oil out of the matrix. In counter-current flow, the oil and water flow in opposite directions and oil escapes by flowing back in the same direction along which water has imbibed. In Co-current imbibition Fingering imbibition occurs, and it is faster and can be more efficient than counter-current imbibition Verma (1969) , Bentsen and Manai (1993) , Chimienti et al. (1999) , PooladiDarvish et al. (2000) but counter-current imbibition is often the only possible displacement mechanism for cases where a region of the matrix is completely surrounded by water in the fractures Pooladi-Darvish et al.(2000) , Najurieta et al. (2001) , Tang et al. (2001) . Experimentally, this process can be studied by surrounding a core matrix sample with water for measuring the oil recovery as a function of time Iffly et al. (1972) , Prey et al. (1978) , Hamon et al. (1986) , Bentsen and Manai (1993) , Cuiec et al.(1994) , Zhang et al. (1995) , Cil et al. (1998) , Chimienti et al. (1999) , Rangel-German and Kovscek (2002) . The imbibition rate is controlled by the permeability of the matrix, its porosity, the oil/water interfacial tension and flow geometry although the ultimate recovery is generally only governed by the residual oil saturation in strongly waterwet systems. Mattax et al. (1962) , Iffly et al. (1972) , Hamon et al. (1986) , Babadagli et al. (1992) , Al-Lawati and Saleh (1996) , Shouxiang et al. (1997) , Cil et al.(1998) , Chimienti et al. (1999) .
Correlations have been developed to predict the recovery from counter-current imbibition as a function of time for different samples. Mattax et al. (1962) hypothesized that the oil recovery for systems of different size, shape and fluid properties is a unique function of a dimensionless time. Shouxiang et al. (1997) modified an expression derived by Mattax et al. (1962) to include the effect of the nonwetting phase viscosity. Their experimental results showed that the imbibition time is inversely proportional to the geometric mean viscosities of water and oil. They proposed the following correlation:
Where T be the dimensionless time, t is time, K is permeability,  is porosity, σ is interfacial tension, Mattax et al. (1962) showed that recovery as a function of time for a variety of experiments on different water wet samples that fall on a single universal curve as a function of the dimensionless time, T, Eq. (1). In particular, imbibition experimental data presented by Najurieta et al. (2001) for Alundum samples and Weiler sandstones, Hamon et al. (1986) results for synthetic materials and Zhang et al. (1995) results for Berea sandstones with different boundary conditions all scaled onto the same curve that was reasonably well fitted by the following empirical function first proposed by Aronofsky et al. (1958) :
Where R is the recovery, R  is the ultimate recovery and γ is a constant that best matches the data with a value of approximately 0.5.Eq. (1) was proposed for strongly water-wet media and ignores the effects of wettability and here we have defined the dimensionless time as Furthermore the behaviour of different initial water saturation is a challenge. The presence of initial water saturation reduces capillary pressure, but increases the mobility of invading water. The competition between capillary pressure and relative permeability determines the recovery rate. Bald-win and Spinler (2002) monitored saturation profiles during spontaneous counter current imbibition using magnetic resonance imaging (MRI) they showed a transition from a flat frontal advance to a more gradual water encroachment as the initial water saturation was increased.
A mathematical model that can treat the individual fluid pressures, capillary effects, permeability, porosity and Saturation of wetting phase has been employed in the present work. The Adomain decomposition technique has been adopted for the approximate analytical solution since the problem is computationally intensive. Naturally occurring oilrich reservoirs to which the present study is applicable are in homogeneous and layered. A qualitative study has been carried out to explore the effect of permeability, porosity, time, distance with saturation of wetting phase and recovery variations with time on flow patterns.
In this paper, we investigate the applicability of Adomian decomposition method to the nonlinear partial differential equation arising in the fingering phenomenon in fluid flow through fracture porous media in order to obtain the analytical approximate solution.
The paper is organized as follows: in section 2, we have written the mathematical model along with some relation and the fundamental equation of the fingering phenomenon is discussed in section 3, In Section 4, the Adomian decomposition method applied to solve nonlinear functional equations. In section 5 where we develop and prove the convergence of Adomian decomposition scheme, which leads to an abstract result and the analytical approximate solution to the equation. Section 6 deals with the simulation result for some interesting choices of initial data. We conclude by summarizing the paper in section 7.
MATHEMATICAL MODEL
It is well known that in secondary oil recovery process when water with constant velocity 'V' is injected into a seam saturated with oil and consisting of homogeneous porous medium, it is assumed that the entire oil on the initial boundary of the seam, x = 0 (x is measured in the direction of the displacement), is displaced through a small distance due to the impact of injecting water which forms instability at the common interface where water meets the oil zone. To understand this phenomenon, we consider here a horizontal porous matrix of length L with its impermeable surface filled with oil formatted porous media.
For the definiteness of the problem, consider that there is a uniform water injection into oil saturated porous matrix of an oil formatted region having homogeneous physical characteristics such that the injecting water outs through the oil formation region of the oil reservoir and gives rise to perturberance (fingers) at the interface where injected water pushes the oil from the oil formatted region. This furnishes well-developed fingers as in Figs. 2 and 3 . The stability of a water flood depends on the mobility ratio between oil and water, heterogeneity of the porous medium, segregation of fluids in the reservoir, and dissipation of fluid fronts caused by capillary pressure. Instabilities occurs in both miscible and immiscible processes and originate on the interface between oil and water. These frontal instabilities are often characterized by a number of penetrating fingers of displacing fluid. Therefore, the entire oil at the initial boundary x = 0 (x being measured in the direction of displacement) is displaced through a distance " c L " due to water injection. It is further assumed that complete saturation exists at the initial boundary, and the saturation of displaced water (fingers) in the oil zone may happen up to distance c xL  .
Relative Permeability and Phase Saturation Relation:
For definitions of mathematical analysis, we assume a standard form for the relationship between capillary pressure, permeability of water and permeability of oil with phase saturation as:
Where β is constant. 
FUNDAMENTAL EQUATION
Where "  " is the porosity of medium. from the definition of phase saturation, we have
The capillary pressure, which is defined as the pressure discontinuity of the following phases across the common interface is written as
Impies
Equation of motion for saturation can be obtained by substituting the values of w V and o V from Eqs. (6) and (7) in Eqs. (8) and (9) respectively. Thus, we have
Equation (12) and Equation (13) together
Now by considering Eqs. (10), (14) and (15) 
Equations (15) and (17) 
The value of the pressure of oil ( o P ) can be written as 11 22
where P is the mean pressure.
Equations (16) 
Here we choose appropriate initial and Dirichlets boundary condition due to the behaviour of saturation of displaced water at the interface in instability phenomena; that is, instability of oil and water zone at the interface is high, and it becomes stable as it becomes away from the interface and by Verma (1969) as, 
where 1 f and 2 f are the saturation of water at common interface X = 0 and saturation of water at the end of the matrix of length X = 1 (i.e. c XL  ). Here, during fingering phenomena, saturation fingers may take place up to the end of matrix, that is, up to c XL  . To stabilize or to find the behaviour of the saturation fingers, it is necessary to discuss the behaviour of saturation of displace water by solving (22) together with (23). Eq. (22) is the desired nonlinear partial differential equation with suitable initial and boundary conditions which describes the saturation of displaced water in fingering phenomena arising during the oil recovery process. 
ANALYSIS OF THE ADOMIAN DECOMPOSITION METHOD
In the early 1980s, a new numerical method was developed by Adomian (1994) In order to better explain the method, we will first assume the convergence of the series in (25) and deal with the rigorous convergence issues later. The parameter k is a dummy variable introduced for ease of computation. There are several different versions of (26) that can be found in the literature that leads to easier computation of the n As  . It should be noted 
The above equation can be rewritten in a recursive fashion, yielding iterates wn S , the sum of which converges to the solution w S satisfying (27) ; wn wn n n n n
Typically, the symbol 1 L  represents a formal inverse of the linear operator L.
The objective of the decomposition method is to make possible physically realistic solutions of complex systems without the usual modeling and solution compromises to achieve tractability. It essentially combines the fields of ordinary and partial differential equations. The ADM decomposes a solution in to an infinite series which converges rapidly to the exact solution. The convergence of the ADM has been investigated by a number of authors (Abbaoui and Cherruault (1994) , Cherruault (1989) , Cherruault and Adomian (1993) . This method can be applied directly for all types of differential and integral equations, linear or nonlinear, with constant or variable coefficients. The nonlinear problems are solved easily and elegantly without linearizing the problem by using ADM. The technique is capable of greatly reducing the size of computational work while still it provides an efficient numerical solution with high accuracy. It also avoids linearization, perturbation and discretization unlike other classical techniques.
CONVERGENCE ANALYSIS OF THE ADOMIAN DECOMPOSITION METHOD
We recall the following theorem from Mavoungou and Cherruault (1992) 
Now, by using mean value theorem, then we have 
SIMULATIONS RESULT ADM in T -direction
Using the analysis of Adomian Decomposition Method, (21) can be written in operator form Tw LS as ( , ) ( ( , )) sin
Operating inverse operator on both sides of Eq. (41), it gives Following the analysis of Adomian decomposition Abbaoui and Cherruault (1994) , Gabet (1994) for the determination of the components ( , ) wn S X T of ( , ) w S X T ,we set the recursive relation as 
